On the possibility of a metallic phase in granular superconducting films 
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We investigate the possibility of finding a zero-temperature metallic phase in granular super- 
conducting films. We are able to identify the breakdown of the conventional treatment of these 
systems as dissipative Bose systems. We do not find a metallic state at zero temperature. At finite 
temperatures, we find that the system exhibit crossover behaviour which may have implications for 
the analysis of experimental results. We also investigate the effect of vortex dissipation in these 
systems. 
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Recently, there has been renewed interests in the prob- 
lem of superconductor-insulator (SI) transition in low-T c 
thin films. These systems undergo transition from su- 
perconductor to insulator as a function of disorder, film 
thickness, or applied magnetic fieldcl Theoriesatl describ- 
ing this kind of superconductor-insulator transition de- 
scribe a second-order quantum phase transition where a 
zero-temperature metallic phase exists as a critical point 
between the supcrfbjjd and insulating phases. However, 
recent experimentsotj found that the metallic phase may 
be more than a point in the phase diagram in certain 
systems. Instead, the zero-temperature conductivity ap- 
pears to be finite and non-zero in a finite region in the 
phase diagram. It remains controversial whether these 
systems remain metallic down to zero temperature. It 
has been observedB that some of these systems become 
superconducting at very low temperatures. 

In this paper, we re-examine our theoretical under- 
standing of the SI transitionEjQ. We will use a variational 
treatment which, in principle, may describe supcrfluid, 
metallic and insulator phases at zero temperature. We 
will discuss dissipation arising from normal resistance or 
vortex motion. We find that, although there may be a di- 
rect SI transition at zero temperature, finite-temperature 
crossover phenomena may give rise to apparently metallic 
behaviour in experiments. We also see that the two dissi- 
pation mechanisms affect the low-temperature behaviour 
on different sides of the SI critical point. 



I. INTRODUCTION 

The destruction of the superconducting state at zero 
temperature is a result of strong Coulomb interactions. 
Consider a lattice model for Cooper pairs. Strong 
Coulomb repulsion leads to a Mott insulating state where 
there is an integral number of Cooper pairs at each site. 
However, if the system is coupled to a normal fluid, any 
excess charge on a site (arising the motion of Cooper 
pairs from site to site) can be screened to a certain ex- 
tent by the normal component. This is effective when 
the normal fluid has low resistance, R n , because it can 



respond rapidly to charge fluctuations. Since the cou- 
pling to the normal fluid requires exchange of energy, the 
normal fluid can be regarded as a dissipative environment 
for the Cooper pairs. The strength of this dissipative cou- 
pling (or dynamic screening) is inversely proportional to 

Rn- 

We will also consider dissipation originating from the 
motion of the normal cores in vorticesB'E3. In this case, 
a similar picture applies when we study the system in 
a dual representation where vortices are the elementary 
bosonic objects. 

In principle, dissipation may lead to non-superfluid hut 
mobile Cooper pairs (or vortices) at zero temperaturetiJ. 
To investigate this issue, we require a formulation which 
can differentiate between the superfluid, metallic and in- 
sulating states. We will see below that we can do so 
by considering separately local phase fluctuations which, 
over a timescale of h/ksT, are small compared to 2tt and 
those which are larger than 2tt. Previous work has invest 
tigated either a superfluid-to-non-supetfluid transitiont 2 ] 
or an insulator-to-conductor transitior£3. We want to see 
if these transitions are separate so that all three phases 
exist. Otherwise, they are different descriptions of the 
same critical point, in which case the Bose metal does 
not exist in the model at zero temperature. After estab- 
lishing the ground state, we will also discuss the finite- 
temperature behaviour of these systems. 



II. DISSIPATIVE BOSE MODEL 

For simplicity, we will consider first dissipation for the 
Cooper pairs. Vortex dissipation will be discussed later. 
We will review the conventional discussion of this prob- 
lem and we extend previous treatments by a more careful 
consideration of large phase fluctuations. 

As our starting point, we use a model of superconduct- 
ing grains on a square array. We assume that well-defined 
Cooper pairs exist in each grain so that we can treat them 
as charge-2e bosons. An imaginary-tirpe action which de- 
scribes the coupling between grains iai-i: 
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where is the local superconducting phase of grain i, 
and A v 9\ = 6\ +v — Q\. Jb is the Josephson coupling en- 
ergy between nearest-neighbor grains. Kb = 2e 2 /C is 
the charging energy of a grain with self-capacitance C . 
(We have set % = fee = 1> and /3 = 1/T is the inverse 
temperature.) For large Jb/Kb, we expect a supercon- 
ductor with long-range phase coherence. When Jb/Kb is 
small, however, the on-site repulsion dominates and we 
have a Mott insulator. (Our calculations below will focus 
on this limit.) The system becomes incompressible. (See 
vertical axis on Fig. [!}) The phase, 6 h 7 of the local super- 
conducting order parameter should fluctuate strongly at 
each site due to the number-phase uncertainty relation. 

We will now investigate the effect of dissipation on 
this bosonic Mott transition. We include dissipation 
phenomenologically. rWe-iassume that an action of the 
Caldeira-Leggett kindll3't£l is necessary so that the charge 
currents (~ A u 6 b ) will have ohmic decay in the classical 
limit: 
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where a(r) = (/i/4e 2 J R„)[T/ sin(TrTr)] 2 and Q = 2 re- 
flecting the fact that the Cooper pairs has charge 2e while 
the dissipation is due to charge-e electrons. 

We will be interested in the destruction of superfluid- 
ity due to enhanced phase fluctuations. As already men- 
tioned, we have to be careful about the compactness of 
the phase variables &\. The imaginary-time evolution of 
the phase can be separated into a periodic part, 9i, and 
a non-periodic parra: 
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where 6i((3) = 0i(O) = 0. The boson action can be writ- 
ten as 
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We can now discuss possible scenarios for the zero- 
temperature phase diagram of the system. First of all, 
let us concentrate on the part of the action which in- 
volves only the "winding numbers" , rii . We can ignore 
the charging term in (|J) proportional to n 2 because it 
vanishes as T — > 0. The winding numbers are controlled 
by the first term in (||). This is, in fact, the "abso- 
lute solid-on-solid" (ASOS) model which has a "rough- 
ening" transition (of the Kosterlitz-Thouless type) at 
R n = R^ sos ~ 0.6{h/Qe 2 ). For large R n , the phase at 
each site fluctuate wildly with little correlation between 
different sites. This is what is expected (from number- 
phase uncertainty) in an insulator where the local particle 
number does not fluctuate. For small R n , the system be- 
comes "smooth" in the sense that large excursions in the 
phase are suppressed. The system is now compressible 
and the charges are mobile. This model has been used 
to describe an insulator-conductor transition in normal 
tunneling junction networks when R n is small enoughE3. 

We have seen that the Mott insulator breaks down and 
charges are mobile at small R n . What about superflu- 
idity for these mobile charges? This requires long-range 
phase coherence in the system. In other words, in addi- 
tion to a "smooth" n-field, the fluctuations of 8 at differ- 
ent sites must also be coherent. Therefore, in principle, 
we may have a superfluid or metallic state for these mo- 
bile charges, depending on whether the phase stiffness for 
6 fluctuations is finite or not. 
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FIG. 1. Possible scenarios at zero temperature. Ins: insu- 
lator, SF: superfluid. Solid and dashed lines denote first- and 
second-order transitions. ASOS line: transition for winding 
numbers in the absolute solid-on-solid model. 9 line denotes 
transition for small fluctuations, 0, as given in Ref. [l2|. 



To further simplify our calculation, we shall assume 
strong dissipation and keep only the A v 9i terms io Sdiss 
to second order. At low temperatures, we obtainE3: 
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[A^ir) ~ AMr')f . (5) 



If we ignore the coupling of the #-field to the wind- 
ing numbers n-i, then we expect a superfluid at small R n 
at T = 0. (R n < h/2e 2 in two dimensions^.) A pri- 
mary purpose of this paper is to investigate whether the 
onset of a finite phase stiffness for 9 coincides with the 
appearance of the smooth phase in the SOS model for 
the winding number (i.e. a direct superfluid- insulator 
transition, as shown in Fig. |l|a.) Another scenario is that 
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a metal phase exists for intermediate values of R n where 
the ASOS model is smooth before long-range phase co- 
herence sets in at an even lower value of R n (Fig. [l)b) . 

The actions (||) and (||) form the basis of our calcu- 
lations. The model cannot be solved exactly even with- 
out the dissipative term. We shall pursue a variational 
approach since we are only interested at the qualitative 
behaviour of the system — in particular, whether a zero- 
temperature metallic phase exists under appropriate con- 
ditions. We consider the following trial action: 
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where a eS (r)/a(r) = R n /R cB . J cS , J M s and R cS are pa- 
rameters to be determined variationally. Note that the 
solid-on-solid part of the model has been modified by the 
presence of the Jms term. Similar to the other terms in 
the ASOS model, it also suppresses the spatial fluctua- 
tions in the winding number. We therefore expect this 
modified solid-on-solid (MSOS) model to be similar to 
the ASOS model with a shifted critical point R^ sos . 

The possibilities of superconductor, insulator, and 
metal phases at zero temperature are all included in 
Sq- A finite value for the phase stiffness, J e ff, indi- 
cates that we have a superconductor (marked "SF" in 
Fig. |l|). If J ff = Jms = 0, then the system is non- 
superfluid. To determine whether it is an insulator or a 
metal, we examine the large phase fluctuations, i.e. the 
SOS model for the winding numbers. The system is an 
insulator if R cS > R^ sos so that the SOS model is m 
the rough phase. If i? c ft < i?^ sos , the SOS model is in 
the smooth phase and we have a metallic state. (See Fig. 
|l|b. Note that the ASOS and MSOS models arc the same 
if Jeff = Jms = 0.) 

The variational parameters are determined by mini- 
mizing the free energy per unit volume given approxi- 
mately by F = F Q + (Sduai + Sdiss - S ) /f3L 2 : where 
F is the free energy calculated using Sq and (■ • -)o de- 
notes averages taken with respect to So- We obtain the 
mean- field equations: 



R e ff = R n , 

Jms = J> e 
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with G Q g(q,iw n ) = Lo 2 jK b + j{q){J cS + |w„|/4R eff ). 
7(q) = 4[sin 2 (cfc/2) + sin 2 (gj,/2)] is the lattice disper- 
sion relation. -Psos(w) — (S(\^.^ni\ — tti))msos is the 



probability that the nearest-neighbor integer difference 
|A„7ii| = m in the MSOS model. Note that we can also 
regard our trial action as a "Hartree" decoupling of the 
fields 0i and rij. 

For the small phase fluctuations, the critical point for 
the onset of a finite J c ff is given by Chakravarty et alx2: 
R e c = h/Qe 2 , with J c g becoming exponentially small as 
R approaches R 9 C : 
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To determine the ground-state properties of the sys- 
tem, we also need to examine the SOS sector of the 
model. We see that the Jms term dominates the MSOS 
model at low temperatures, and so the SOS sector is 
smooth whenever J c ft is finite. When J e fj vanishes, we 
find that R n is already above the critical value for the 
SOS critical point (i.e., R 9 C > R^ sos ). Therefore, the 
winding-number sector is always rough when J ff = 
so that the system is an insulator. This means that, at 
the level of this mean-field calculation, we cannot have 
a metallic phase at zero temperature. We see that the 
system has only one quantum critical point as we change 
R n (marked "SI" in Fig. |): R c = R e c = R™ sos . This 
corresponds to the scenario in Fig. [l]a. 



III. FINITE TEMPERATURE 



We will now discuss the system at finite temperature. 
We will see that the winding-number fluctuations have 
important consequences for the behaviour of the sys- 
tem because the MSOS model governing these fluctua- 
tions has an apparent finite-temperature phase transi- 
tion. These effects show up as crossover behaviour as the 
system is cooled to zero temperature. 

To see this, we note that the critical value R^ sos for 
the transition in the MSOS model (||) depends on tem- 
perature. At high temperatures, the /3Jms term in the 
MSOS model becomes unimportant, and so we expect 
Rf sos to decrease towards R^ sos = 0.6(h/Qe 2 ) as the 
temperature increases. This is indicated by dashed line 
in Fig. ||. In other words, for a resistance in the region 
0.6Q < Q 2 e 2 R n /h < 2, the system will cross a rough- 
ening transition for the winding numbers as we increase 
the temperature. Although this transition is probably 
an artefact of the variational treatment, we believe that 
it will manifest itself as a crossover phenomenon in the 
system. 

More precisely, while there appears to be two corre- 
lation lengths in this formulation (£g and £sos f° r the 
small and large fluctuations respectively), there is only 
one true phase correlation length, £. This should follow 
the shorter of £g and £sos- So, the SOS model does not 



3 



give rise to a true divergence in observable quantities, 
since £g is finite at all finite temperatures. Instead, the 
divergence will be cut off when £sos becomes comparable 
to £g. 

More generally, we expect physical quantities, such as 
the conductivity, to depend on both temperature and the 
proximity of the resistance to the critical value, R n — R c . 
For instance, in the smooth phase of the SOS model (to 
the right of the dashed line in Fig. ||), the correlation 
length £sos is finite for fluctuations of the winding num- 
bers about a smooth background. This affects dynamic 
quantities such as the conductivity which should there- 
fore depend on both R n — R c and T. 
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FIG. 2. Phase diagram. Arrows indicate a schematic renor- 
malization-group flow. A superfluid-insulator critical point 
(SI) separates the superfluid (SF) and insulating (Ins) phases 
at T = 0. The system is normal at finite temperatures. 
Dashed line denotes the lines of (nominal) roughening tran- 
sitions in the winding numbers: smooth phase at small i? c ff 
and rough at large -R c ff • Our treatment is valid on the right 
of the dashed line. 



On the rough side of the SOS line, we expect no long- 
range order in the winding number. The conductivity 
may not exhibit signs of superfluidity. In fact, it may ap- 
pear metallic or even insulating, even at superfluid values 
of R n , as long as we are looking at temperatures above 
the temperature, Isos, where we cross the SOS transi- 
tion line. The temperature scale for this SOS crossover 
is given by J e g. This can become very small close to the 
quantum critical point (see eq. ([)])) or in strongly disor- 
dered systems. We see that the true critical behaviour of 
the superfluid-insulator transition is hard to access ex- 
perimentally. 

This discussion warns us that, unless we work at ex- 
tremely low temperatures, the critical behaviour of the 
system may not follow a simple one-parameter scaling 
scheme (when R n is close to R c so that the system is to 
the left of the SOS line in Fig. ^). We believe that this 
may be an important source of difficulties for the scaling 
analysis of experimental data, and may be responsible 
for the observation of an apparent metallic phase in some 



experimentsu'El. 

To be cautious, we should stress that this result de- 
pends on the observation that R 6 C > R^ sos (see discus- 
sion below eq. (|])) so that it is sensitive to our estimates 
of R e c and R c g. For instance, we note that R n is unrenor- 
malized in our variational equations (Q). A more careful 
treatment of the dissipative term might renormalize this 
quantity and therefore shift the relative positions of the 
critical points of the 9 and SOS sectors. We will assume 
that these estimates are correct in the next section. 

The above analysis is based on a treatment which 
treats the coupling between the small and large phase 
fluctuations {9 and n) in a Hartree-like manner. In the 
next section, we will check that this is reasonable by con- 
sidering higher-order fluctuations. We will see that the 
crossover effect mentioned above shows up as the break- 
down of our Hartree-like decoupling of the small and large 
phase fluctuations. 



IV. BEYOND GAUSSIAN FLUCTUATIONS 

To consider higher-order fluctuations, let us examine 
the free energy density /. This can be written as: 



/ - /o = - m(exp[-(S - S )])o/PL 2 

~ [{S - S )o - {(S - So) 2 ) c0 /2]//?L 2 



(10) 



where averages are taken with respect to the trial ac- 
tion S and (AB) C = (AB) ~ (A)(B) denotes the con- 
nected part of the correlation function. Minimizing the 
first term in this expansion gives the variational treat- 
ment in the previous section. To consider the validity of 
this approach, we should check that higher-order terms 
do not diverge. These correspond to fluctuations beyond 
the Hartree-like treatment in the previous section. We 
restrict our attention to the first correction. 

We can separate the Josephson and dissipative parts 
of S - So as 6S J + 5S B where 
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As we approach the SI transition ( J c ff — > 0, i? c ff — > R c ) 
at zero temperature, we find that the singular part of 
((<55 J ) 2 )//3-L 2 comes from fluctuations in 9, scaling as 

J c 2 g off/ ' Rc ~ 1 . We see that ((<W) 2 ) does not diverge 
even at the critical point. In the non-superfluid phase 
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(Jeff = 0), these fluctuations are proportional to T as 
T -> 0. 

The contributions to (SS J SS U ) / (3L 2 are also finite, 
scaling as T when T — > at finite J e ff, and scaling as 
J c ff when J e ff — > at finite T. 

We find that the most singular term comes from 
((SS D ) 2 ). Let A T . T , = EiJA^iCr) - A,^(r')] 2 and 
B t,t< = Eiv<x(T ~ t')[cos(2^(t - T')A„n t /Q0) - l]/2. 
Then, the contribution from 

1 = JE 2 J ^i.^)^ ) ^><-B Tl)T ^ T2) ^) c dridr 1 dr2dT2 
R 
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(13) 
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where g u (T = Ti,u>) — min(tj, 2irQ~ 1 T\ A^nj|). The nu- 
merator is a connected correlation function for the MSOS 
model. We expect it to have exponential decay with cor- 
relation length £sos m the smooth phase (and power-law 
decay in the rough phase). 

In the smooth phase of the MSOS model where J D g 
is also finite, we see that / ~ T££ os hi(Kb/ J e g) as 
T — > 0. On the other hand, we expect the quan- 
tity ^2ij llv {\Avni\\lS.^nj\) c to have the same critical be- 
haviour as the energy fluctuations — it diverges as we 
cross the line of SOS critical points. As discussed in the 
previous section, this will not be a true divergence, but 
only a crossover. Nevertheless, this means that this con- 
tribution from {(5S D ) 2 ) will be large if we cross the SOS 
transition line as we raise the temperature in the super- 
fluid phase. 

This marks the breakdown of our treatment of the 
phase fluctuations in this model (in the region to the 
left of the dashed line in Fig. |^). However, since no di- 
vergences occur if we work at zero temperature, the con- 
clusion of a direct superfluid-insulator transition appears 
robust (subject to the remarks at the end of the previous 
section about the accuracy of our estimates of the rela- 
tive values for the critical points for the two sectors of 
the model.) 



V. VORTEX DISSIPATION 

We will now discuss dissipation by vortex motion. Mi- 
croscopically, this is due to the motion of the normal 
vortex core. We will, however, follow a phenomenologi- 
cal approach here. 

For this purpose, it is convenient to study the system 
in a vortex representation. Fluctuations can be described 
by vortex loops in Euclidean space-time. In particular, 
the superfluid state for the Cooper pairs corresponds to a 
vortex insulatoro where there is a gap to the addition of 
a vortex — the Meissner effect. Conversely, the duality 



transformation shows that the Meissner phase of the vor- 
tices correspond to an insulating state for Cooper pairs 
(i.e., there is a gap to density excitations.) 

To obtain the vortex representation, a duality trans- 
formation can be applied to the action (|I]) to obtain the 
dual action Sdual = Sa + S v for vortices, wherell3 

Sa = Y,[ dT [irj {s7x 1)8 L? + Kbl(v x 1)r|? 

S v = fdr JL - - Jv £ cos D v 6l (15) 

where D v Qi = A„#i — A" is a covariant derivative. The 
internal gauge field, A, is defined so that V x A is the 
boson 3-current. Its action, Sa, describes the phonons in 
the (original) boson superfluid. (The superscripts s and 
r denote the spatial and temporal components respec- 
tively.) The action S v describes vortices in the system: 
91 is the phase of the vortex wavefunction on site i of 
the dual lattice. We have introduced the terms K v ~ J& 
and J v ~ 2ey / Jb/c to characterize the core energy and 
the hopping integral of the vortices respectivelyllZl. The 
coupling of the vortex phase to the gauge field expresses 
the fact that vortices are advected by the current of the 
original bosons. 

The qualitative behaviour of the system should not de- 
pend on details of the vortex interaction as long as it is 
short-ranged. We therefore choose the lattice spacing, d, 
for the dual model to be of the order of the penetration 
depth (of the original Cooper pairs), and include only 
on-site repulsion for vortices. For simplicity, we choose a 
square lattice. 

As with the boson model discussed above, we expect 
the system to have a superfluid-insulator transition as we 
increase K v /J v . To include dissipation phenomenologi- 
cally, we again assume that an action of the Caldeira- 
Leggett kindli^O so that the vortex currents (~ D V 9 V ) 
will decay with a decay rate proportional to the current: 

I rP W3 

Sdiss.v = 7 V / dr dr' a(r - r') x 

1 iu Jo Jo 

-D v 6V{t)-D v 6V( t i) 
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(16) 



where a(r) = (h/4e 2 R v )[T/ sin(TrTr)] 2 with Ae 2 R v /h ~ 
(1 — t)/t and t ~ / h is the tunneling resistance of 
vortices from one grain to anotherEl. Note that we have 
set Q = 1 in this case because we do not have a micro- 
scopic reason for the dissipative mechanism to involve ob- 
jects with a charge that is different from the bosons. The 
vortex viscous drag coefficient 77 is given by ^ H c2 / 1 R n c 2 
where R n is the normal-state resistance of the supercon- 
ductor, H C 2 is the upper critical field, and <&o = hc/2e 
is the flux quantum. The details of the relationship be- 
tween R v and R n are not important here. It suffices to 
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note that they are inversely related to each other and 
comparable when both are of the order of h/e 2 . The 
coupling to the internal gauge field is required by gauge 
invariance. 

We see that this model is similar to the one discussed 
in the previous sections, except that the bosons are now 
coupled to an internal gauge field. We can again sep- 
arate the imaginary-time evolution of the phase into a 
periodic part, #i(r), and a non-periodic part, 2nniT/f3, 
(fif) to obtain: 
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Repeating the treatment in the previous sections (with 
Q = l), we have the trial action: 
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The variational parameters are now given by i? c ff = Rv, 
J c s = Jms-Psos(O) and 



Jms = J„exp[-«|Af?| 2 ) + (A))/2] 
(\A9\ 2 ) = ^ 7(q)G oe (q,iu n ), 

q,iuj n 



(19) 



where G \{q, iuj n ) = u 2 J 'J h + 2K b ~/(q) + \ui n \/4R eS + J c « 
and Ggg(q, iuj n ) = luI/K v + "f(q)(J c tf + |w n |/4R c ff )■ 

The main effect of the gauge fields is to reduce the 
vortex repulsion K. (For weak boson repulsion, K v — > 
K* = {K v /4-K 2 ){J b /2K b ){h/4e 2 R v ).) Since this is essen- 
tially a high-energy cutoff for the physical effects we are 
considering, it should not affect the critical point for the 
onset of a finite J e g for small vortex phase fluctuations. 
We therefore conclude that this dissipative mechanism 
will also give rise to a direct superfluid-to-insulator tran- 
sition in the vortex liquid as R v is increased. Note that 
the vortex resistance, R v is large when the resistance, 
R n , of the normal fluid is low. Therefore, we have quali- 
tatively the same zero-temperature behaviour here as in 
the previous model (for direct dissipation from Cooper 
pair motion) in that the system, in terms of electrical 
transport by the original Cooper pairs, is superfluid for 
small R n and insulating for large R n . The exact value 
of the critical resistance is more difficult to extract as it 



depends in detail on the dependence of R v on R n . How- 
ever, it can be verified that the critical point occurs when 
e 2 R n /h is of the order of unity. 

At finite temperatures, we again expect crossover be- 
haviour. This applies to the insulating side of the (origi- 
nal) SI transition, whereas the crossover behaviour of the 
previous Cooper-pair model affects the superfluid side of 
the transition. In terms of R n (instead of R v ), this model 
predicts that, for insulating values of R n {i.e. vortex su- 
perfluidity at T — 0), the finite-temperature conductiv- 
ity for R n may appear metallic or even exhibit signs of 
(charge) superfluidity above the crossover temperature. 



VI. FINITE MAGNETIC FIELD 

Finally, we discuss the effect of a finite magnetic field, 
B. This gives rise to a non-zero chemical potential, /i v , 
for vortices so that there arc a finite density of vortices 
in the ground state: p v = B/&o. Again, the movement 
of the MSOS crossover as a function of vortex density 
(at fixed R n or R v ) will affect the finite-temperature be- 
haviour of the system, and hence the analysis of the ex- 
perimental data. 

Experimentally, we see that the system goes from su- 
perconducting, to insulating as we increase B. Some 
experimentaj'H indicate that there may be a metal- 
lic phase between the superconducting, and insulating 
phases. However, there is also evidenced at low applied 
fields that the metallic behaviour only occurs at interme- 
diate temperatures, and that the true zero-temperature 
phase may be a superconductor after all. 
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FIG. 3. Finite magnetic field shifts the SOS crossover line 
(curved dashed lines). Consider cooling a system near the SI 
critical point at fixed Rn (vertical line in left diagram). The 
crossover temperature Tsos is indicated by the circle at the 
point where the vertical line intersects the SOS crossover line. 
This decreases with increasing B, as sketched in the diagram 
on the right. Superfluid correlations develop in the system 
below Tsos- Above Tsos, the system may appear metallic. 



How does this experimental result fit into our descrip- 
tion? We speculate that winding-number fluctuations are 
responsible for this crossover behaviour. More specifi- 
cally, the applied magnetic field increases the winding 
number fluctuations in the system in the representation 



G 



where the bosons are Cooper pairs. (This can be viewed 
as the bosonic analogue of positive magnetoresistance.) 
This moves the the SOS transition/crossover line to lower 
values of R„ (to the right in Fig. This is illustrated in 
Fig. [| We see that, if the system is near the SI critical 
point, the crossover temperature, TsoS) decreases rapidly 
with increasing applied field B, as sketched in Fig. ||. 
This may explain why the crossover from metal to super- 
conductor is only observed experimentally at low applied 
fieldsB. 
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VII. CONCLUSIONS 

In this paper, we have revisited a model rof dissipa- 
tive Bose systems where conventional theorylia predicts 
a direct superfiuid-insulator transition. By treating the 
phase fluctuations more carefully, we developed a vari- 
ational approach which can distinguish between super- 
fluid, normal and insulating phases. We can confirm that 
a Bose-metal phase does not exist at zero temperature, 
in agreement with conventional treatment. We are also 
able to establish the regime of validity for the conven- 
tional treatment by studying higher-order effects which 
couple the small and large phase fluctuations. 

We have argued that single-parameter scaling might 
break down because of the existence of large phase fluc- 
tuations (the imaginary-time "winding numbers" of the 
order-parameter phase). There is a window around the 
true critical point where strong winding-number fluctu- 
ations persist down to exponentially low temperatures. 
This means that superconductivity may not be observ- 
able in this regime at experimentally accessible temper- 
atures. The width of this window of crossover behaviour 
appears to be quite large in our mean-field analysis. We 
expect that it would be renormalized in a more detailed 
calculation, and that it would depend on details of the 
system (such as the degree of disorder). 

This window of crossover behaviour may be responsi- 
ble for an apparent metallic phase in some experimentsB. 
The recent observation^ of an apparently metallic phase 
becoming superconducting at very low temperatures 
appear to supports our crossover picture near the 
superfiuid-insulator critical point. 
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